We use a Generalised Langevin Equation (GLE) scheme to study the thermal transport of low dimensional systems. In this approach, the central classical region is connected to two realistic thermal baths kept at two different temperatures [H. Ness et al., Phys. Rev. B 93, 174303 (2016)]. We consider model Al systems, i.e. onedimensional atomic chains connected to three-dimensional baths. The thermal transport properties are studied as a function of the chain length N and the temperature difference ∆T between the baths. We calculate the transport properties both in the linear response regime and in the non-linear regime. Two different laws are obtained for the linear conductance versus the length of the chains. For large temperatures (T 500 K) and temperature differences (∆T 500 K), the chains, with N > 18 atoms, present a diffusive transport regime with the presence of a temperature gradient across the system. For lower temperatures(T 500 K) and temperature differences (∆T 400 K), a regime similar to the ballistic regime is observed. Such a ballistic-like regime is also obtained for shorter chains (N ≤ 15). Our detailed analysis suggests that the behaviour at higher temperatures and temperature differences is mainly due to anharmonic effects within the long chains.
I. INTRODUCTION
oretical point of view, the ballistic to diffusive crossover has been studied phenomenologically by introducing and tuning a viscosity-like coefficient (in a simple Langevin-like dynamics) on each atom in the system 17, 50 , by modifying the interatomic potential 13 , or by introducing a simple description of phonon-phonon interaction 51 . A single scheme that can describe both regimes is central and crucially needed to understand the origin of the crossover. Recently, a unified microscopy formalism to study the ballistic-to-diffusive crossover was provided in 52 on the basis of a scaling ansatz for model systems.
In this manuscript, we present an application of our recently developed Generalised Langevin Equation (GLE) method to the study of the heat transport properties of lowdimensional systems. Within this single GLE scheme, we simulate the dissipative dynamics of model Al systems. Our main objective is to determine if different transport regimes can be established depending on the chain's length and temperatures involved.
We consider 1D atomic chains connected to two realistic thermal 3D baths kept at temperatures T L and T R . By realistic it is meant that (1) the bath are described at the atomic level, with a proper 3D structure, (2) the coupling between the system and the baths obtained in our GLE approach is not simply given by some arbitrary constant(s), (3) the inter-atomic interaction is given by a N-body type interaction designed in materials science
and not by a model pairwise potential. Such a N-body potential gives a realistic description of the covalent bonding between atoms in metallic systems which is not well described by pair-wise potentials. Therefore, we use the Embedded Atom Method (EAM) [53] [54] [55] to describe the interatomic potential between the Al atoms in the 1D chains and between the chains and the two thermal baths. The only "free parameters" that can be changed are the length N of the 1D chains and the temperatures T L and T R of the baths. We calculate the transport properties of the 1D atomic chains in both the linear reponse regime and at full nonequilibrium conditions. We study the temperature and length dependence of the linear heat conductance and of the nonequilibrium heat current. We find different transport regimes, which appear to be more characteristic of either the diffusive or ballistic regime, depending on the temperatures and temperature differences and on the length of the chains. We analyse the results in terms of anharmonic versus harmonic effects in the effective interatomic potential.
II. METHOD AND SYSTEMS
To study the thermal transport of 1D atomic chains, we used our recently developed GLE scheme 56, 57 . The method and its implementation in the molecular dynamics package LAMMPS 58 have been well documented in recent papers 59, 60 . The extension of the original GLE scheme to situations where the central system is interacting with several independent baths has been recently given in 61 . We call it the GLE-2B scheme. We stress that this method, at least in principle, enables one to obtain an exact solution of the problem of heat transport in the classical case. The method is based on a physically realistic picture of infinite leads kept at equilibrium (at corresponding temperatures) and an arbitrary central region which interacts and exchanges heat with the leads. The only approximations made are that the leads are treated as harmonic baths and the interaction between the leads and the central system is linear in terms of displacements of the atoms in the leads; the central system is treated without any approximations and can be arbitrarily anharmonic.
In a recent paper [61] , we have discussed the advantages of the GLE-2B approach over other more conventional thermostatting approaches such as Nose-Hoover or simple Langevin thermostats. Here, we use our GLE-2B approach as it does not rely on the use of adjustable parameter(s) to describe the relaxation processes in the baths. In Ref. [61] , we have shown that depending upon the value used for such parameters, one can obtain completely different physical results. In the present work, we want to study exclusively the influence of the length of the system and the baths' temperatures on the thermal transport properties.
We now briefly recall the main "ingredients" of the method. We consider a central system (the 1D atomic chain) with a general Hamiltonian dynamics for the positions r iα and momenta p iα degrees of freedom (DOF) associated with atom i (mass m i ) and Cartesian coordinate α = x, y, z. The central system is connected to two (ν = 1, 2) harmonic baths, with DOF u bν andu bν , via coupling bν µ lν f bν (r)u bν . The coupling is linear with respect to the atomic displacement u bν (b ν ≡ l ν γ) of the atom l ν (γ = x, y, z), in bath ν, around its equilibrium position. µ lν is the mass of atom l ν . The coupling force µ lν f bν (r) between the central system and the bath ν is arbitrary with respect to the central system DOF r iα .
By solving Newton's equations of motion for all the DOFs, and integrating out the baths' DOFs, one obtains the following "embedded" dissipative dynamics for the DOF of the central system 56, 61 :
The total force F iα acting on atom i of the central system (in direction α) arises not only from the interaction between atoms in the central system, but also from the interaction between these atoms and the atoms of the harmonic baths which are kept fixed at their equilibrium positions. The force F iα also contains a polaronic-like term which reflects the fact that, due to the coupling between the central system and the baths, the harmonic oscillators of the baths are displaced 56,59-61 .
Eq. (1) also contains a generalised memory kernel which depends on both times t and t separately (i.e. not on their difference) and also on the spatial coordinates (DOFs) r = (r iα ) of all atoms of the central system. The memory kernel is given by
where g iα,bν is the derivative of the coupling force g iα,bν = ∂f bν (r)/∂r iα and the polarization matrix Π bν ,b ν (t − t ) is related to the harmonic dynamical matrix of the bath ν [56, [59] [60] [61] .
In the energy representation, the polarization matrix Π bν ,b ν (ω) represents the vibrational density of states of the corresponding bath [56, [59] [60] [61] . Finally, the terms η
iα contain all the information about the initial conditions of the bath ν DOFs.
By considering these initial conditions as random processes, the corresponding stochastic forces η (ν) iα can be described by a multi-dimensional Gaussian stochastic process with correlation functions 56, 59 mapping the polarization matrix onto a specific analytical form
Each pair of aDOF {s
ν,2 } is associated with the corresponding mapping coefficients {τ kν , ω kν , c The systems we consider are 1D atomic chains (of length N ) connected to 3D thermal baths as shown in Figure 1 . The electronic transport properties of similar Al nanowires have been studied some decades ago [68] [69] [70] . It is now interesting to study their thermal transport properties using our method. We have taken the Embedded Atom Method 53 to model the metallic Al system. The tabulated interatomic potential, provided by the NIST Interatomic
It is important to note that, when using realistic interatomic interaction potential, the model goes beyond the ball-and-spring (with nearest-neighbour interaction) toy models. In Fig. 1 we show that more than two end-atoms of the 1D chains are coupled directly to the thermal baths. In the present case, the first (last) 3 atoms of the 1D chains are coupled directly to the left (right) thermal bath. Furthermore the coupling of these atoms to the baths is given by the matrix elements g iα,bν which are not constants throughout the GLE dynamics. These matrix elements are explicitly dependent on the positions of the atoms in the 1D chains and change accordingly along the GLE dynamics.
Finally, the thermal baths have their own specific spectral signatures, given by the polari- 
III. RESULTS
We focus our study on the steady state only and consider chains of length N = 7, 11, 15, 19, 23, 27 atoms. To obtain interesting low-dimensional transport properties, the dynamics of the atoms in the chains is constrained to the 1D motion along the chain axis (x-direction) by imposing the condition p iy = p iz = 0 for every atom i in the chain.
We calculate the heat current J heat (N, T L , T R ) from the time derivative of the lead Hamiltonian, which results in the sum, over the chain atoms, of the products of their velocity and the corresponding force 3,13 (see Appendix A for further details).
The GLE-2B simulations are typically performed for 300 ps (150000 timesteps with ∆t = 2 fs). The steady state is reached after around 100 ps. We calculate a time average of the heat current J heat (N, T L , T R ) over the time range between 200 to 300 ps where the system has reached the steady state (Appendix A). Furthermore, for information, all the results obtained for the heat current J heat flowing across the chains and for all set of temperatures T L and T R are given in Figure 9 of Appendix B. From the slope of J heat (N, T, ∆T ) at small temperature difference 13 , we extract the value of the linear thermal conductance Figure 2 shows the linear thermal conductance K lin versus the length N for different temperatures
We can observe two different regimes for the behaviour of J heat versus N : one for short chains (typically N < 16), and the other for longer chains (typically N > 18). The dependence of the heat current J heat versus length N for different sets of baths' temperatures T L , T R is shown in Figure 4 . For large temperature differences ∆T > T L or T R , the current J heat decreases with the chain length which is a characteristic of a diffusive system.
For such large temperatures and temperature differences, one should keep in mind that the system is well beyond the linear response regime, and full non-linear and nonequilibrium effects are present. Determining the true nature of such non-linear effects requires further investigations which are beyond the scope of the present paper. For small temperature differences ∆T T L , T R , the heat current appears almost independent of the chain length (such a behaviour would characterise a ballistic transport regime). The inset in Figure 4 also clearly shows, on a logarithmic scale, that J heat does not saturate for the longer chains, especially for larger temperatures and temperature differences (the blue curves in Fig. 4 ).
Before we can establish the nature of the transport regime, we now concentrate on the temperature profiles across the chains. As we mentioned in the Introduction, the diffusive transport regime is also associated with the establishment of a linear temperature profile across the system. The temperature profiles for different chain lengths and different temperature differences are shown in Figure 5 . Another possible mechanism is related to anharmonic effects in the interatomic potential.
In order to understand such effects, we first consider the work of Segal et al. 13 . In that work, a simpler bath model and coupling to the bath were used in comparison with our GLE-2B. However, in their model calculations, the authors were able to modify the interatomic potential used for their description of the interaction in the 1D chains. It was found that for purely harmonic chains, the heat current is roughly independent of the chain length Figure 7 shows the evolution of ∆x av versus time when the system has reached the steady state. The results show that, for a given chain length, the average variance ∆x av increases when the temperature increases, as expected (top panels in Fig. 7) . However, for a given couple of temperatures T L,R , the average variance is more pronounced in longer chains than in the shorter ones (see the bottom panel in Fig. 7 ). This suggests that for short chains, the atoms are more confined around the bottom of the potential energy wells, while for longer chains, the atoms have more "room" to move and are able to sample the anharmonic part of the potential energy well. average interatomic distance), forming some of kind of clusters. The distance between "clusters" is also larger than the average interatomic distance. Such a feature is also characteristic of the presence of long wavelength modes, which are more numerous in longer chains than in the shorter ones.
Therefore, we can conclude that, for longer chains and higher temperatures, the atomic motions sample a larger range of distances and a considerable part of the anharmonic EAM potential. This leads to the expected diffusive transport regime and to the presence of a temperature gradient across the long chains. However this behaviour is less apparent for low temperatures (as shown for example for T L = 400 and T R = 300 in Fig. 4 ).
For shorter chains, the motion of the atoms is more "restrained" and most probably their motion samples only the harmonic part of the potential. This leads to a more harmonic-like system with a more ballistic-like transport regime with no temperature gradient across the short chains (except in the regime of very large temperature difference ∆T ). Note that such a behaviour for the atomic motion could also be "accentuated" by the fact that the three first (last) atoms of the chains are also directly interacting with the atomic baths. 
IV. CONCLUSION

We have used our recently developed Generalised Langevin Equation with 2 baths (GLE-2B) method
61 to study the thermal transport properties of 1D atomic chains coupled to two realistic 3D thermal baths kept at their own temperature. The results presented in this paper should be understood as a proof of principle of the robustness and efficiency of the numerical GLE-2B methodology that we have recently developed.
We have found that two different laws are obtained for the linear conductance versus the length of the chains. Furthermore, for large temperatures and temperature differences, the chains present a diffusive transport regime with the presence of a temperature gradient across the system. In such a regime, nonequilibrium effects are present and require an in-depth analysis. For lower temperatures and temperature differences, a regime reminiscent to the ballistic regime is observed. In short chains, except for the largest temperature differences considered, the temperature profile does not present any gradient, a characteristic of a ballistic transport property. Our detailed analysis suggests that the increase in anharmonic effects at higher temperatures/temperature differences is mainly responsible for the diffusive transport regime in the longer chains.
For the systems considered here, the Hamiltonian of the central region is given by,
where p iα and r iα are the momentum and position of the DOFs of the central region. The
Hamiltonian H ν of the harmonic bath ν = 1, 2 is given by
with p bν and u bν being the the momentum and position of the DOFs of the bath ν, and
is the harmonic potential energy of the bath. The coupling between the bath ν = 1, 2 and the central region is given by
where the coupling force f bν ({r iα }) between the central system and the bath ν is arbitrary with respect to the central system DOF.
In Refs. [56, 59, and 61] , it was shown that the equation of motion (EOM) of the DOFs in the bath are given by
The EOM for the DOF in the central region are given by
where g iα,bν = ∂f bν /∂r iα . Now, we define the heat current J ν flowing between the central region and the bath ν = 1 as follows: Using elementary calculus (dH(p, q)/dt =ṗ dH/dp +q dH/dq) and from the definition of H ν and H νC , one finds that
By using the EOM Eq. (A4) of the bath DOF, the above equation reduces to
Note that, by definition, µ lν g iα,bν is the spatial derivative of the force between the DOFs iα and b ν , and u bν are small displacements of the bath DOFs around their equilibrium positions. Therefore the quantity µ lν g iα,bν u bν is a force and its sum F (ν) iα = bν µ lν g iα,bν u bν can be seen as the total force acting on the DOF iα due to its coupling to the bath ν.
Consequently the hear current can be expressed as the sum of the products of velocity times force:
For our 1D system, Eq. (A8) simply reduces to
ix . In the steady-state, the current is supposed to be the same (up to thermal fluctuations) in between any pair of atoms in the 1D chain. In practice, we calculate the heat current between each pair (n, n + 1) of atoms contained in the 1D chains. To make further connections with previous studies 3, 13 , we use the following notationsẋ n ≡ v n and F (ν) nx ≡ f n . The heat current, between the pair (n, n + 1), is given by j n,n+1 = (v n f n + v n+1 f n+1 )/2, and we average j n,n+1 over all pairs of atoms of the chain.
We perform a further average over time, in the time range typically 200 to 300 ps, where the system has reached the steady-state to get the steady state heat current J heat .
Note that, when the force f n on atom n in the chain is given by a (short-ranged) pairwise potential, it can be decomposed into two contributions from the nearest-neighbours, i.e. f n = F n−1,n + F n,n+1 with the nearest-neighbours forces F n,m = F m,n . Our definition of the heat current n v n f n becomes then equivalent (after a few manipulation of the indices n − 1, n, n + 1) to the more commonly used expression for the current n (v n+1 + v n )F n+1,n usually found in the literature 3, 13 .
Appendix B: Heat current
For information, we present in Figure 9 most of the results we have obtained for the heat current J heat flowing across all chains (length N = 7, 11, 15, 19, 23, 27) and for all sets of temperatures T L and T R . From these results, it can be seen that the heat current increases with increasing temperature differences ∆T = T L − T R (as expected). Furthermore, J heat decreases when the length of the chain increases; such a behaviour is more pronounced for large temperature differences ∆T .
Furthermore, we can estimate an error on the numerical values calculated for the heat current J heat . We recall that the latter is calculated as an average of the heat current between the pairs (n, n + 1) in the chain:
The local heat current v n f n τ is obtained from the time average of v n (t)f n (t) over the time period t ∈ [t start , t end ] with t end − t start = τ .
From the different simulations, we estimate an absolute error of ∆(j n,n+1 ) ∼ 0.008 [eV/ps] for the local current. As the heat current J heat is an average over the different pairs, we assume that the corresponding standard error of the mean behaves as ∆(J heat ) ∼ 0.008/ N pair [eV/ps].
Within this error margin, we can safely assume that the heat current calculated for T L = 400 and T R = 300 and for T L = 500 and T R = 400 (shown in Fig. 4 by the black curves with circles and triangles respectivelly) is nearly independent of the chain length. 
